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MOMENT THEORY OF ELECTROMAGNETIC EFFECTS IN ANISOTROPIC SOLIDS*

I.G. TEREGULOV

A moment (polar) theory of deformable solids is constructed for
anisotropic media such as polarizable piezoelectric ceramics. The
linear theory 1is considered in detail and an explanation of the
non-linear change in the electric field inside a polarized piezoelectric
material (the Mead effect) 1is given. The classical theory of
electromagnetic effects in solids does not enable certain observed
effects to be described (for example, the Mead effect /1/). Attempts to
eliminate this drawback of classical theory /2, 3/ rest on the
introduction of the polarization gradient into the enthalpy as a
parameter of the process. Models of complex media which takes into
account the internal mechanical and electromagnetic moments have been
constructed in electrodynamics (for example /4, 5/) when electromagnetic
fields interact with the medium. Below, a solution of the problem is
given and an example of a natural description of the Mead effect is
presented.

Suppose =z (i =1, 2, 3) is a Lagrange system of coordinates frozen into a medium which
occupies a volume V with a boundary S. The vector r(z,¢), defines the position of a point
of this medium with respect to a fixed inertial system y?, where t is the time. The vector
r* =r + u(d, t) defines the position of material points of the medium after strain, where u
is the displacement vector. Further constructions which are carried out have the purpose of
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describing the behaviour of piezoelectric ceramic media which are brittle, and naturally, can-
not be subjected to appreciable strain or bending. For this reason the further constructions
are carried out in a geometrically linear formulation. For small displacements, Green's
strain tensor has covariant components

E= sikr‘rk} 2eik = Viuk 3 Vkui = r.;«@u/'&x" “+ rk-au/’éa:{

while the Cauchy stress tensor has contravariant components o', The stress vector on an
area with unit vector n =nfr, is
P, = oy 2 =o' rr, oty n
while the vector of the internal moment on the same area is
B = 0¥ M=prr = pnr 2)

where pi¥ are the components of the moment tensor. It follows from the equations of equilib-
rium for the forces and moments for an elementary volume that

Vo + Q¥ =0, V¥ 4 Moy +pt=0 {3)
where Q'r;, p'r; are vectors referred to unit volume of the mass forces and moments. It
follows from (3) that in general o¢'* o= ¢*%

We will use the condition that for an arbitrary volume of the body the sum of the second-
order moments [r X [r X F]] with respect to an internal point is in equilibrium. We then

obtain the equality p'f = u*¥, which will henceforth be assumed to be satisfied.
The sum of the work done by the external forces and moments

84 ={Q-6uav + (P, -6uds + (p-60av + (n, d0ds

where @ 1is the rotation vector, and, taking expressions (1) and (2) into account, this can
be converted to the form

84 = ¢¥oe; av + (psgy av + {vioy; av

Here
2t = giF o gkt Opd cjikl;k, 2 o gt gkt
Zeg = Vi -+ Viws, 28 = Viog ++ Vs, 2 = Vi — Vi,
297 = o/ Py — of

In this notation, Egs.(3) take the form

Vit — VY, 0 = Vi, — 0F )
V==Vt ®)

Above and everywhere henceforth integration is carried out over the volume V and the
surface S.

The increment of energy of the electromagnetic field in the volume V and the amount of
heat dissipated due to the fluxes g, and ¢, of the magnetic field H and the electric field
E can be expressed as follows {B and D are the magnetic and electric induction and I is the
current strength):

W =§g,/68.a5 1 (giom,ds = 5§ ®-D 1+ H-B)av + 8{E-1av ©)
where the right-hand side is taken as the energy by definition /6/.
By adding to the middle and right-hand sides the terms
~ im0 8B, 2S + (n,c*E5H a5
we obtain

S (qh"' — njcjikH,i) bE,dS -+ & (qe" + n].cj"kEi) dH 45 =
S (DF 4 1* — Ry a) BBV + g (BF 4 %y ) 50 av m
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When Maxwell's equations are satisfied the right-hand side of the last equation is zero
and, consequently, for arbitrary variations §E; and 8H;, the boundary conditions for the
fluxes g¢q, and gq, follow from (7). Hence, relations (6) and (7) are analogues of Lagrange's
variational equation, written for an electromagnetic field.

Including in our considerations the inflow of heat due to the flux vector of its q through
the surface S and due to internal sources of intensity r, we obtain the following equation
for the increment of the internal energy of the medium:

U =64+ 8w+ ((rav)ar—((q-nds)as (8)
The total amount of heat absorbed by the body in a time dt is

80 = (—Sq-nds + (rav + (E-1av + {Wav) ar

where W' is the rate of generation of heat due to conversion of mechanical energy and the
energy of the interaction of the electromagnetic and mechanical fields into heat. Using
Gauss's theorem for the rate s of increase of entropy per unit volume, we obtain (T is the

absolute temperature) . .
s =—Vig¢+r+o, o=EIJ+ W 9)

In view of the fact that ¢;ViT<{ 0. and >0 for irreversible processes, the Clausius-

Duhem inequality
s+ VvV, (@/T)—r/T>0

follows from (9).
Introducing the free energy F =u — Ts we obtain from (8)

Fo= %y + uey" + viy + EDy + H'ByY —sT" — W
W= Wydxas

where %4 are additional parameters of the process with a generalized tensor index 4, and
Wya are generalized forces corresponding. to them.

Further constructions depend on the choice of the parameters X4 and the functions WA,
If, for example &;jn), &ijn)» Yitn) are the irreversible components of the strains, in which
ik Rigs Vi perform work which is dissipated in the form of heat with powers

ey =0, w i =00 Vi >0
then, using the notation
Eifte) = &1 — Eijony Eijor = i’ — g Vi) = Vi' — View (10)
we obtain from the expression for F°

£ = 0F [Oeisey, WY = OF [0, V' = OF [Opye (11)
E¥ = 0F/aDy, H® = 0F/3By, s = —dF/oT

It is obvious that &y, Eise: Viey 1S the rate of increase of elastic (locally irrevers-
ible) strains, while the first three groups of Egs.(ll) represent generalizations of Green's
formulas, which are well-known in the theory of elasticity, to the case of inelastic strains.
Similar generalizations are possible for the groups of formulas (11) for E, and H,, if
irreversible parts of the increments of the quantities D, and B; can exist. For %41 we must
introduce evolution equations /7/. Replacing s in (9) by its expression

s = —d (0F/8T)/dt

which follows from (11), we obtain an eguation for the heat flux.

We will further assume that J = 0, which occurs in dielectrics, and we will assume that
the deformation process is reversible over the range of variation of the parameters of the
process considered.

For crystals of the class (6mm) /8/ with one axis of mechanical and electrical symmetry,
for which we take the x; axis of a Cartesian system of coordinates ur,z,z,, the number of
fundamental parameters of the process will include the scalars &y3, E33, D, B, 75 7T, the vectors
€ags Swar Dav Bas Ya and the tensors eap, &up (z, p = 1, 2).

We will introduce the following limits. Suppose the process is isothermal and the effect
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of the magnetic field is small. This is the case in dielectrics. Moreover, we will assume
that ys~0, yo ~0 (similar to Kirchhoff's hypotheses in the theory of thin plates). 1In
this case, the quantities v are found from conditions (5) after solving Eq.(4), which
reduces to three equations with three required functions u; (zy, ). In addition we will assume
that W = 0. With these limitations, the arguments of the function F will be

Eopr Eagr Dy €a3t™,  East®, DaD% ., 2ape™, £s0ePeps (12)
B Eapl®®,  EastPEps
and the mixed (combined) invariants will be
e3aD% Bl East™, Eqpe™, e0e™Plps, EsalPeps, . - (13)

which represent the mutual orientation of the tensors and vectors occurring in them. Of the
mixed invariants (13) in the number of arguments of the function F we can only include those
of them that satisfy the condition that all the set of arguments of the number (12) and (13)
are independent. For example, the set of components €iks Em, D; contains 15 parameters.
Hence, to the twelve basic arguments (12) we can additionally add not more than three
invariants from (13), whereas the remaining ones will be numerically dependent on the
previously chosen independent fifteen.

The defining relations (11) and the system of arguments {12) and (13) introduced, which
can be generalized in a natural way to crystals with lower symmetry, enable us to construct
fairly general forms of relations between the fields, taking into account the physical non-
linearity and the effect of the temperature.

In order to demonstrate the possibility of describing the Mead effect within the framework
of the relations constructed, we will introduce a number of simplifying assumptions. Suppose
the fields &; and ¢§; are weakly coupled. Of the invariants (13) we need then only retain
the first two. Taking this into account and retaining only the second powers in the expansion
for F in powers of the main parameters, and taking into account the unstressed nature of the
initial state, we obtain the defining relations (11) in the form

tn = iyt Crgfan F CuaBys — eqDay Ly = Cppfiy T C1iBay T Crafay — (14)
— e Dy, ty3 = €138y + C1s€a t+ C3s833 — €330
g = 20013 — €101, tas = 2cu8yy — €150,
by = 2044815 = (611 — C2)1a
Ey = —esers — disbis + MDDy, Ey = —ey8y5 — digbys + MDDy,
By = —eg8y; — €318 — 33833 — 31 (B T &) — fasbss + AsDs

(the relations for p; are obtained from the relations for =iy by replacing ey, ci, ey by
Eixs dig, fix respectively) .

The relations for ¢, and E,, ignoring terms with §; , repeat those usually employed
(/8-11/ etc.).

For the kinematic characteristics we have (the unwritten relations are obtained by cyclic
permutation of the indices 1, 2, 3)

duy . duy du,
=g, e =g+ 5o
. 90 dug dug e 0 [ 0duy dug [ duy dug
T (03:2 613)’ 2512_3{1( 975 611) + 35 ( dzs 613)

We will consider a piezoelectric ceramic element of thickness 2h along the z; axis, when
the element 1is polarized in the direction of the z; axis. An external electrostatic field
with vector E = Ee; acts on the specimen. Then, over the whole crystal ¢, = f,, = ¢33 = 0,

D,=D, =0 and, consequently, &, =g, ==gg3 =0. Since only the additional moments
By, = ok operate due to the action of the field E;, on the dipoles oriented along the i,
axis, we have &g, =0, 8,3 =0, 28,3 = Oug/dz, when u;, =0, ug = ug(z,). In addition, & = &, =
Eyy = 0, 28, = —d%,/0x,% Together with this we have

bis = Cadw/dZ — ey D), pyg = —Dydy;, gy =0
Pz = —Y; (dyy — dy)dPwldz® (w = uy, x = z,)

Eq.(4) for %k =3 can be written in the following form:
2d2w/dz? — (dy; — dyp)d*w/dx* + adE,/dx = 0 (15)
Moreover, by (14) we have
2E, = —edw/dr 4+ 20D, (16)

In the polarized crystal considered, due to the action of the external electric field £,
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there will be uncompensated charges at the boundaries z = +h, whereas inside the charge
density will be zero. Hence, in view of Maxwell's equation for the divergence of the induction
it follows that Dy; = const inside the dielectric when —h <<z < h. Eliminating the electric
field E,4 in the dielectric from Egs.(15) and (16) we obtain a uniform equation, the solution
of which is

w(z)=Ashozr+ Bchoxr+ Cz+ D
@ = (dyy — dp)/(201, — aeys)

In view of the conditions of the problem, the function w (z) is skew symmetric with
respect to & and, consequently, B =D = 0. At the boundaries z = -Lh we have ¢, =0,
and elimination of the rigid rotation by the condition dw/dz =0 when z =0 gives

C= —0d, A= e E /[cyo(choh —1)] (17)

Since, on passing through the boundary of the dielectric, the induction D, should retain
its value, while in a vacuum D, = E,,, and whereas in a dielectric, together with (16}, we
must have D,y = Eyg + 4nP, where P is the polarization, which in the case considered, accord-
ing to (16), is represented by the term with dw/dr, we have A, = 1. Hence, in the dielectric
the electric field is given by the equation

Eiqg=E, — ¢e;4do (ch ox — 1)/2

where A is given by the second equation of (17). Hence, the electric field inside the dielec-
tric is non-linearly variable, which leads to the Mead effect. When E, =0, E =0,E;#0
this efect should not be observed in the type of crystals considered.

When constructing a non-linear theory, in general we must include the invariants (12) and
(13) in the number of arguments of the function F. By taking into account the non-linearity
connected with the dissipation of energy, we ensure an appropriate form of the function or
the functional W', in which it is also possible to take into account the dissipation of the
energy of the electromagnetic field itself and its interaction with the medium using models
such as Maxwell's, Voigt's Boltzmann-Volterra etc.

To describe the Mead effect in crystals which are unpolarized from the beginning, but are
polarized due to an external electric field, we must introduce the tensor V,D, as the
argument of the function F in (11) and consider the system of defining relations (14) by
extending the system of invariants (12) and (13).
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